Abstract. The global stability of rarefaction waves in a broad class of entropy solutions in L 00 containing vacuum states is proved for the compressible Euler equations for both one-dimensional isentropic and non-isentropic fluids. Rarefaction waves are the unique case that produces the vacuum states late time in the Riemann solutions when the Riemann initial data are away from the vacuum. Such rarefaction waves are also shown to be global attractors of entropy solutions in L 00 with the vacuum whose initial data are an L 00 n L 1 perturbation of those of the rarefaction waves. Since the instability of solutions containing the vacuum states for the compressible Navier-Stokes equations, some techniques are presented to estimate a lower bound of the density for multidimensional viscous non-isentropic fluids with spherical symmetry between a solid core and a free boundary connected to a surrounding vacuum state. Our analysis works for the solutions with arbitrarily large oscillation. In particular, no assumption of small oscillation and BV regularity of entropy solutions is made for the compressible Euler equations.
that such rarefaction waves are global attractors of entropy solutions in L 00 with the vacuum whose initial data are the L 00 fl L l perturbation of those of the rarefaction waves, in which arbitrarily large oscillation is allowed.
Our approach is based on the normal traces and Gauss-Green formula for divergence-measure vector fields in L 00 (see [5] ) and the techniques developed in Chen-Frid [6, 7] for the stability of Riemann solutions, in combination with DiPerna's method [17] for the uniqueness of Riemann solutions in the class of entropy solutions in BV for 2x2 strictly hyperbolic systems of conservation laws. One of the new difficulties here is that the strict hyperbolicity of the system fails near the vacuum, which yields the singularity of the derivatives of entropy functions, especially the mechanical energy, and the integrability or boundedness of certain quantities related to the mechanical energy must be carefully analyzed near the vacuum, which is naturally ensured in the strictly hyperbolic case. Another difficulty is that the entropy solutions under consideration are only in L 00 .
In Sections 2.2 and 4, we extend our analysis in Sections 2.1 and 3 to the system of compressible Euler equations for non-isentropic fluids, which is more complicated. The approach for the isentropic Euler equations does not directly apply here since the essential dependence of solutions on the physical entropy. The approach for the system away from the vacuum as in [6] also fails if one chooses the typical physical entropy 5* as an independent theromdynamical variable. This difficulty is overcome by choosing an appropriate function of the typical physical entropy 5* as a new variable, in combination with the techniques in [6] . We prove that the rarefaction waves with the vacuum are also stable in the class of entropy solutions in L 00 with large oscillation for the system of compressible non-isentropic Euler equations, whose initial data are the L 00 fl L l perturbation of the Riemann data, and the rarefaction waves are attractors of the entropy solutions in this class, that is, the entropy solutions asymptotically tend to the rarefaction waves.
The instability of solutions containing the vacuum states for the compressible Navier-Stokes equations motivates us to examine further a positive lower bound of the density in the region under consideration. In Section 5, we present some techniques to estimate the lower bound of the density for the Navier-Stokes equations for multidimensional non-isentropic fluids with spherical symmetry between a sold core and a free boundary connected to a surrounding vacuum state. The free boundary connects the compressible non-isentropic fluids to the vacuum state with free stress and zero heat flux. The fluids are initially assumed to fill with a finite volume, zero density at the free boundary, and bounded positive density and temperature between the solid core and the initial position of the free boundary. As an illustration, we describe these techniques by showing that any smooth C 2 solution does not develop the vacuum between the solid core and the free boundary, and the free boundary expands finitely as time evolves. These techniques have been successfully applied to establishing the existence of global solutions and the finiteness of propagation speed of the free boundary for such a problem in Chen-Krakta [9] .
Vacuum States, Rarefaction Waves, and Divergence-Measure Fields.
In this section we first consider the systems of compressible Euler equations for isentropic and non-isentropic fluids, respectively, which can be written into the conservation form:
We focus our discussion on the vacuum states and rarefaction waves in the entropy solutions of (2.1) to the Riemann problem:
and to the Cauchy problem that is an initial L 00 fl L 1 (E) perturbation of (2.3):
(1). Equation (2.1) and Cauchy data (2.2) in the sense of distributions; (2) . At least one Lax entropy inequality:
corresponding to a convex physical entropy pair (77, q) which satisfies
See Definitions 3.1 and 4.1. We start with the isentropic Euler equations.
Isentropic Euler Equations. The system of compressible Euler equations for isentropic fluids reads:
[ ' ) \ ftm + a B (^+p(p))=0, where p and m are the density and the mass, respectively, and are in the physical region {(p,m) \p > 0, \m\ < Cop} for some Co > 0. The pressure function p(p) is a smooth function in p > 0 (nonvacuum states) satisfying
For polytropic 7-law fluids, the pressure function p(p) = kp 7 , 7 > 1, k > 0, clearly satisfies (2.7)-(2.8).
The eigenvalues of system (2.6) are (2.9) 
These Riemann solutions can be constructed as follows. If p-> 0 and /?+ = 0, then there exists a unique v c such that 
where Ri(£) and i?2(£) are the solutions of the boundary value problems (2.15) and (2.17), respectively. For case (a), although the Riemann data are nonvacuum states at t = 0, the vacuum states occur in the Riemann solutions instantaneously as time evolves. Therefore, the vacuum states are generic in invicid compressible fluid flow. 
where Wj = -4-(-l) 2^-J^ v pp y-Ids, j = 1,3. These Riemann solutions are identical to those for the isentropic case with the 2-family in the isentropic case corresponding to the 3-family in the nonisentropic case for the fixed constant S*.
If S*_ 7^ S*+, then the Riemann solutions contain an additional contact discontinuity corresponding to the 2-family, besides the rarefaction waves corresponding to the j-families, j = 1,3.
Divergence-Measure Vector Fields in L
00 . We now briefly review the definition of normal traces in [5] and some properties of divergence-measure vector fields in L 00 , especially the Gauss-Green formula, which will be used in Sections 3-4. The relation between divergence-measure vector fields and hyperbolic conservation laws can be seen via the Lax entropy inequalities. For any L 00 entropy solution U of (2.1)-(2.2), we deduce from the Lax entropy inequality (2.5) for entropy pair (77,(7) of (2.1) and the Schwartz lemma [41] that
One of the main points for divergence-measure vector fields is to understand the normal traces on deformable Lipschitz boundaries, since one cannot define the trace for each component of a VM field over any Lipschitz boundary in general, as opposed to the case of BV vector fields. The notion of normal traces introduced in [5] has the advantage of providing essential information about the normal traces on certain hypersurfaces from the knowledge of the normal traces in its neighboring hypersurfaces, as we will see in Theorem 2.1. This advantage is made possible by introducing Lipschitz deformations, which are important not only for the definition of normal traces, but also for their applications. Note that a related notion of normal traces was also introduced with a different point of view in [2] , in which a normal trace was defined as a representation function of a linear functional, in an abstract fashion. However, the Gauss-Green formula (2.32) (below) coincides, which means that both notions are consistent.
Let ft be an open subset in R N . Following [5] , we say that 90 is a regular deformable Lipschitz boundary provided that the following hold, (i) For each UJ £ dfi, there exist r > 0 and a Lipschitz mapping 7 : M^-1 -> M such that, upon rotating and relabeling the coordinate axes if necessary,
( 
where z/ r is the unit outward normal field defined ?^j /v~1 -almost everywhere in 9ft r . THEOREM 
([5]). (1). LetF G VM(D) andQ C D be an open set with regular deformable Lipschitz boundary. Then the limit
exists when F • i/ T are regarded as Radon measures on 9ft through the formula:
(2). This definition for F • z/ over 9ft yields the following Gauss-Green formula: 
Furthermore, we have THEOREM 2.
([5]). Let g e BV n L^iD) and F G VM(D). Then gF G VM(D). Moreover, if g is Lipschitz continuous over any compact set in D, then
For any Riemann solution R(x/t) of (2.1) and (2.3) and any L 00 entropy solution U of (2.1)-(2.2) satisfying the Lax entropy inequality for a convex entropy pair (77*, #*), we follow Dafermos [14, 17] 
36) P{U,R) = q*(U) -q*{R) -VTI*(R)(F{U) -F{R)).

LEMMA 2.4. Assume that the Riemann solution R(x/t) of (2.1) and (2.3) has bounded variation inW^ = E x (0,00). Then (q4U(x,t))^(U(x,t))) eVM(Rl), (P(U(x,t),R(x/t)),a(U(x,t),R(x/t))) G PM(K^).
This can be seen as follows. Define
Li = d t r)*(U{x,t)) + d x q*(U{x,t)), d = dta{U{x,t),R{x/t)) + d x p(UXx,t),R(x/t)).
Since U(x,t) is an entropy solution, /i < 0, and d < 0 in any region in which i? is constant, in the sense of distributions. The fact that /JL and d are Radon measures is a corollary of the Schwartz lemma [41] and the product rule in Theorem 2.3.
Stability of Rarefaction Waves for the Isentropic Euler Equations.
In this section we show the global stability of rarefaction waves in the following class of weak entropy solutions of (2.6) and (2.2) containing the vacuum states. DEFINITION 
A bounded measurable function U(x,t) = (p(x,t),m(x,t)) is an entropy solution of (2.6)-(2.8) and (2.2) mE^; ifU(x,t) satisfies the following, (i). There exists C > 0 such that 0<p{x,t)<C, \m(x,t)/p(x,t)\<C.
(ii). Equations (2.6) and initial data (2.2) are satisfied in the weak sense in M^, i.e., for dl<t>e C^(R%), 
if JJ zfi R and both are away from the vacuum.
In particular, ifUo(x) = RQ(X), then U(x,t) = R(x/t) a.e.
Proof Without loss of generality, we prove only for the Riemann solution (2.18) that consists of two rarefaction waves with the vacuum states as intermediate states.
The other cases can be shown even simpler. The proof is based on the normal traces and Gauss-Green formula in Theorem 2.1 in §2.3 for divergence-measure vector fields and the techniques developed in [6, 7, 17] for strictly hyperbolic systems. One of the new difficulties here is that the strict hyperbolicity fails near the vacuum, which yields the singularity of the derivatives of the mechanical energy near the vacuum, and the integrability or boundedness of certain quantities related to the mechanical energy must be carefully analyzed near the vacuum, which is naturally ensured in the strictly hyperbolic case. Another difficulty is that the entropy solutions are only in 
V = dtri*(U{x,t))+d x q*(U{x,t)) i d = ata{U(x,t),R{x/t))+d x P(U(x,t),R(x/t)).
Since U(x,t) is an entropy solution, fi < 0, and d < 0 in any region in which R is constant, in the sense of distributions. Then Lemma 2.1 implies that // and d are Radon measures, and
(q*(U(x,t)U*(U(x,t))) €VM(^+), (t3(U(x,t),R(x/t)),a(U(x,t),R(x/t))) 6 VM{^.).
Set n 1 ={(a;,t)|Ai(^_)<x/t<t;c 1 , t>0},n 2 = {(x,t)\v C2 < x/t < \2(U+), t>0}, the rarefaction wave regions of the Riemann solution. Over these regions,
where
QF(U, R) = F(U)-F{R) -VF(R)(U-R)
, and we used the fact that V 2 77»VF
is symmetric. Recall that, for (x,t) e Clj,
Then, by (3.6) and (3.7), for any Borel set E C fy, j = 1,2, we have
Lt denote the region { (z, s) \ \x\ < L + M(t -s),0<6 < s < t} and n*(t) = Qj H nij, iljit) = ^ H {(x, 5) | 0 < 5 < *}, j = 1,2, where
M>Mo = MU,R)/a(U,R)\\ L oo {R 2 +) .
First, by the entropy inequality (3.2), the normal traces and Gauss-Green formula (Theorem 2.1) for divergence-measure vector fields, and the convexity of 77* (17) in [/, it is standard (cf. [12] ) to deduce that any entropy solution defined in Definition 3.1 assumes its initial data Uo(x) strongly in L} oc :
Furthermore, we apply Theorem 2.1 again to conclude 
r}= f a(U(x,t),R(x/t))dx-[ a{U(x,8),R(x/S))dx
We now prove that hjix^s) = r j (R) T V 2 7] J: (R)QF(U,R)(x,s), j = 1,2, are nonnegative and uniformly bounded in fti(t) U f^W as 5 > 0. A careful direct calculation yields and
QF(U,R) =
(U(x, t),R(x/t)) dx < f a(U(x, 5), R(x/5)) dx. J\x\<L J\x\<L+M(t-6)
Then (3.9) and (3.12) imply (3.5) as 6 -> 0. This completes the proof.
In the previous proof, the values of the divergence-measure fields (l3(U,R),a(U,R))(x,t) on the line segments in the (x,^)-plane should be understood in the sense of the normal traces. To recover the classical sense, result (3.5) should be stated that (3.5) holds for a.e. t E [0,00).
As a corollary, we conclude 
Stability of Rarefaction Waves for the Non-Isentropic Euler Equations.
In this section we show the global stability of rarefaction waves in the following class of weak entropy solutions of (2.20)-(2.22) and (2.2) containing the vacuum states, even for non-isentropic fluids. DEFINITION 
A bounded measurable function U(x, t)= (p(x, t), m(x, t), E(x, t)) is an entropy solution of (2.20)-(2.22) and (2.2) in R+, if it satisfies the following, (i). There exists C > 0 such that
< p(x,t) < C, \m(x,t)/p(x,t)\ < C, < SQ < S*(x,t) < SQ < oo.
ii). Equations (2.20) and initial data (2.2) are satisfied in the weak sense in M5j_, i.e., for all (j) 6 CQ{
pOO nOO /»00 (4.1) / / {Udt4> + F(U)d x 4>} dx dt + / Uo(x)<p(x, 0)dx = 0,
/ / (pa(S*)dt<l> + ma(S*)d x <l>)dxdt+ po(x)a(S^(x))4>(x,0)dx < 0,
for any C 2 function a(5*) with a'(5*) > 0.
Choose S = ao(S*) with a'^S*) > 0 for 0 < SJ < 5* < 5^ < oo, to be determined later, such that, for a = a^" 1 , 
t) -(p^m^H)(x^t) corresponds to the entropy solution U, W(x,t) = (p,m,H)(x/t) corresponds to the Riemann solution R(x/t), and a(W, W) = (W-W) T ( f V 2 ri*(W + r(W -W))dr) (W-W)> 0,
when W ^ W and both are away from the vacuum.
In particular, ifUo(x) = RQ{X), then U(x,t) = R(x/t) a.e.
Proof. Without loss of generality, we prove only for the Riemann solution that consists of two rarefaction waves with the vacuum states as intermediate states, as constructed in §2.2. The other cases can be shown similarly. Since the essential effect of the physical entropy S* for the non-isentropic case, the approach for the isentropic Euler equations can not directly work for the non-isentropic case. The approach for the system away from the vacuum as in [6] Since U(x,t) is an entropy solution, (4.5) and (4.9) yield /x < 0 in the sense of distributions, and, in any region in which W is constant, d = /x < 0. Lemma 2. 
implies that // and d are Radon measures, and (P(W(x,t), W(x/t)),a(W(x,t),W(x/t))) G PM(E2_). Set fli = {(x,t)\\ {U-) <x/t<v
(4.21) d(E) = /i(E) -/ -f j {W) T V 2 ri,(W)QF{W,W)(x,t)dxdt. JE t
For any L > 0, let n^t denote the region { (x, s) \ \x\ < L + M(t -5)
, 0 < S < s < t} and Slfo) = Clj fl n^t, fij(*) = Qj H {(x,s) | 0 < s < t}J = 1,2, where
First, by (4.1) and (4.11), the normal traces and Gauss-Green formula (Theorem 2.1) for divergence-measure vector fields, and the convexity of 77* (W) in W, it is also standard (cf. [12] ) to deduce that W(x,t) assumes its initial data Wo(x) strongly in ri . ^loc-
Furthermore, we apply Theorem 2.1 again to conclude
where z/ is the unit outward normal field. Then we can choose M > MQ such that
Therefore, we have
On the other hand, from (4.21), we have 
where A{S) = a'(5) 2 e a ( s )/ c » and B{S) = a'(S)e a ( s )/ c " are increasing functions in 5. Since 5 < 5 < S, we have
When p < p < p, we obtain 107-1 _ pT-lj < 0-1(1,37 _ 07| + 07-l|0 _ 0|) < Cp^lp -p\, |07 _ 07-l0| < 07-l| p _ 0| + |p7 _ 07| < (07-1 + ^-^p -p\< CJP-^P -P\, 
in which the left-hand side is some constant depending only on 7, c v , and R from (2.23). Then (4.10) also holds, and the quadratic part Q is strictly positive definite, that is, there exists Co > 0 such that For more general Riemann solutions containing a contact discontinuity, one can follow the approach in Chen-Frid [6] to prove the stability of the Riemann solutions in the class of entropy solutions in BV away from the vacuum.
Vacuum States and the Compressible Navier-Stokes Equations.
Finally, we discuss the vacuum states for the compressible Navier-Stokes equations and present some techniques to obtain a lower bound of the density for a free boundary problem of the compressible Navier-Stokes equations that connects the viscous compressible non-isentropic fluids to a surrounding vacuum state with spherical symmetry and initial data of large oscillation. The lower bound of the density is essential for the compressible Navier-Stokes equations as pointed out in Hoff-Serre [20] . These techniques have been applied to establishing the existence of global solutions and the finiteness of propagation speed of the free boundary for the compressible nonisentropic Navier-Stokes equations in Chen-Krakta [9] .
For the one-dimensional compressible Navier-Stokes equations for isentropic fluids having density-dependent viscosity with a free boundary connected to a vacuum state, and related problems, see recent papers Liu-Xin-Yang [30] and Jiang-Xin-Zhang [22] , and the earlier references cited therein. Also see Okada [39] , Okada-Makino [40] , and Lions [27] for related references for the isentropic fluids.
For the Cauchy problem or the initial-boundary value problem for one-dimensional compressible non-isentropic Navier-Stokes equations with constant viscosity, ii po(x) > CQ > 0, then p(x, t) > c(t) > 0; see Kazhikov [23] and Kazhikov-Shelukhin [24] for nondiscontinuous initial data and Chen-Hoff-Trivisa [10] and the references cited therein for discontinuous initial data of large oscillation. Also see Jiang [21] for spherically symmetric solutions to the compressible non-isentropic Navier-Stokes equations with non-discontinuous initial data of large oscillation outside the solid core. For multidimensional Navier-Stokes equations with small initial data, see Matsumura-Nishida [32, 33] for smooth initial data and HofF [19] for discontinuous initial data.
We are concerned with the compressible non-isentropic fluids between two spherical boundaries: the fixed boundary is the solid core surface with static zero velocity and thermally insulation; and the free boundary connects the compressible nonisentropic fluids to a surrounding vacuum state with free stress and zero heat flux. The fluids are initially assumed to fill with a finite volume, zero density at the free boundary, and bounded positive density and temperature between the solid core and the initial position of the free boundary. For physical significance and mathematical interests for such free boundaries, we refer to Nishida [37, 38] , Antontsev-KazhikhovMonakhov [1] , and the references cited therein.
The spherical symmetric solutions (p, v, e)(r, £), r = A/X^ -f h x^, for the compressible Navier-Stokes equations are governed by 
(x,t) = p(r,t), v(x,t) =v(r 1 t)-, e(x,t) = e(r,t).
Here /?, e, and v = (vi, • • • , v n ) are the density, the internal energy, and the velocity, respectively; A and p are the constant viscosity coefficients, p > 0, \+2p/n > 0; ft > 0 is the constant related to the heat conductivity coefficient. We focus on polytropic ideal fluids in which the internal energy, the temperature, and the pressure have relations (2.23).
To handle this problem, it is convenient to reduce the problem in the global Eulerian space-time coordinates (r, t) to the problem in the local Lagrangian masstime coordinates (#, t) moving with the fluid, via the transformation:
It is easy to check that x = J^ s n~1 po(s)ds. Without loss of generality, we assume /^ s n~1 po(s)dx = 1, so that the transformation is from the region {(r,t) 11 < r < r(t) : 0 <t<T} under consideration into the region {(#, t) \ 0 < x < 1,0 < t < T}.
With this change of coordinates, we can rewrite system (5.1) into the following system: The free and fixed boundary conditions then are (5.5) u(0,t) = 0, (pd x e)M = (pd x e)(l,t) = 0, a(l,t) = 0.
To articulate the assumption that there is no initial cavity with gas residing in the bounded region, we assume that there exist a decreasing nonnegative function A(x) with A(0) = 0, JQ A~1(x)dx < oo, and a constant Co > 0 such that 
Jo
This implies the finiteness of propagation speed of the free boundary and yields (5.7) from (5.8).
As a corollary of (5.7) and the convexity of $(z/), there exists C > 0 such that which yields the claim with the aid of (5.19) . This completes the proof.
In fact, the solutions of this problem generally develop a singularity near the free boundary, so that one can not expect a global C 2 solution in general, and the proposition above is just for illustration to make the points more clearly. To avoid this difficulty, in Chen-Krakta [9] , we use the semi-discrete difference scheme to construct approximate solutions, and then we apply the techniques we explained above to obtain the uniform lower bound for the approximate density, which is essential to obtain other essential estimates to conclude the compactness of the approximate solutions and the lower bound of the density in the solutions. For more details, see [9] .
